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We study adiabatic population transfer between discrete positions. Being closely related to stimulated Ra-
man adiabatic passage in optical systems, this transport is coherent and robust against variations of experi-
mental parameters. Thanks to these properties the scheme is a promising candidate for transport of quantum
information in quantum computing. We study the effects of spatially registered noise sources on the quantum
transport and in particular model Markovian decoherence via nonlocal coupling to nearby quantum point
contacts which serve as information readouts. We find that the rate of decoherence experienced by a spatial
superposition initially grows with spatial separation but surprisingly then plateaus. In addition we include
non-Markovian effects due to couplings to nearby two-level systems and we find that although the population
transport exhibits robustness in the presence of both types of noise sources, the transport of a spatial super-
position exhibits severe fragility.
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I. INTRODUCTION

The coherent transport of quantum information is an es-
sential element in any scalable architecture for a quantum-
information processor. The interconversion of static qubits
into flying qubits is difficult and may not be a feasible solu-
tion for the coherent spatial transport of quantum informa-
tion. As a possible alternative, much attention has been fo-
cused on dark-state adiabatic passage for coherent state
quantum transport. Originally studied in the context of quan-
tum optics �1� where it is called stimulated Raman adiabatic
passage �STIRAP�, dark-state transport uses the existence of
a “dark state” which is a zero-energy eigenstate of a driven
quantum system. By manipulating the driving of the system
one can sculpt this dark state to coherently transport quantum
states using STIRAP-like procedures. This intra-atomic dark-
state transport has been demonstrated experimentally �2�.
However, the method has more recently been applied to spa-
tial transport of quantum information �which we specifically
denote CTAP—coherent transport by adiabatic passage fol-
lowing �3��, in a variety of physical systems including chains
of neutral atoms �4�, quantum dots �3,5,6�, superconductors
�7�, and photons in nearby waveguides �8�. It has also been
proposed as a crucial element in the scale up to large quan-
tum processors �9�. The method possesses two very crucial
benefits over other quantum transport methods: Since the
transport is via a zero-energy state the quantum state ac-
quires no dynamical phase and due to the adiabatic theorem,
the process is very robust to a wide range of system varia-
tions. However, an important question, particularly with re-
gard to the use of CTAP within large scale quantum com-
puter architectures, is to determine the effects of decoherence
on the transport. The effects of dephasing and spontaneous
emission has previously been examined in the case of STI-
RAP dark-state transport in a three-level atom in a � con-
figuration �10,11�. In that work a master equation was pos-
tulated and its effects on the transport studied.

In our work we examine the effects of two types of physi-
cally motivated decoherence sources effecting the CTAP
transport in a quantum chain. We first study the effects of

delocalized measurements on the systems making up the
CTAP chain. In particular we imagine an electron on a chain
of quantum dots �QD� and each is measured by a nearby
quantum point contact �QPC�. These QPCs however, are
nonlocal measurement devices in that their charge sensitivity
falls off with distance. Such devices or similar will be re-
quired to either modulate or readout the quantum informa-
tion in each quantum dot in the CTAP chain in a real device.
In large scale quantum processors one will routinely wish to
have quantum information in a superposition of two “dis-
tant” spatial locations. It is known that from numerous stud-
ies of macroscopic quantum superposition states, or cat
states, in quantum Brownian motion—a single harmonic os-
cillator coupled to a bath of harmonic oscillators—the rate of
decoherence suffered by the cat state grows quadratically
with the spatial separation of the two superimposed states
�12�. We find that such an effect is also present in our case,
i.e., the decoherence rate of spatial superposition on the
CTAP chain increases with the distance between the super-
imposed states, but surprisingly we find that this decoherence
rate saturates beyond a critical spatial separation. This is a
positive result for the CTAP transport protocol and is essen-
tially due to the rapid spatial fall off of the measurement
sensitivity of the QPCs.

This first model is an example of Markovian decoherence.
We also include a second non-Markovian dephasing source,
and consider that each quantum dot interacts with a nearby
two-level system �TLS�. This could model unlocated two-
level fluctuators in a solid state CTAP scheme. Interestingly
we find that qubit transport still seems relatively robust in the
presence of these combined Markovian and non-Markovian
decoherence sources. More worryingly however we find that
this non-Markovian dephasing slightly entangles the two-
level systems with the transported qubit. This effect does not
seriously detract from the transport of an electron isolated on
one QD but causes serious degradation if the qubit trans-
ported is in a superposition state. As the latter situation will
be the typical case in a large scale quantum processor, the
present analysis might indicate that a much lower density of
unlocated TLSs will be required when using CTAP in a large
scale quantum computer.
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We proceed in Sec. II to motivate and model two sources
of decoherence and solve the corresponding master equation
without interactions between different QDs. Transport of the
electron by CTAP is described in Sec. III under both the
Markovian and non-Markovian noise models. Interestingly
we are able to analytically obtain an equation describing the
fidelity of the Markovian dynamics while we numerically
solve the non-Markovian case. It is here where differences
between Markovian and non-Markovian dephasing become
most apparent. We summarize our results and discuss their
relevance in Sec. IV.

II. MODEL

A. Measurements

As we mention above, we first consider each of the CTAP
quantum systems to be continuously measured. This gives
rise to Markovian decoherence. We take the specific example
of an electron on a chain of quantum dots and consider the
measurements to be made by quantum point contacts situated
close to the quantum dots as shown in Fig. 1. The measure-
ment executed by a QPC is caused by the modulation of the
current transmitted through a QPC due to the presence of a
nearby electron. The QPC current is modulated by a factor
1− �

r , where r is the distance between electron and QPC and
� is a constant reflecting the properties of the QPCs �see
�13��. This modulation results in an indirect position mea-
surement of the electron’s spatial position on the rail of QDs.
However, it is a nonlocal measurement because even an elec-
tron on the neighboring QD influences the transmission
through a QPC. The localness is parametrized by a

d , i.e., the
distance between QPC rail and QD rail over the distance
between two neighboring QDs, with small values represent-
ing more local measurements. Furthermore �

a parametrizes
the sensitivity �signal over noise� of the measurements and is
typically small and hence the measurements are weak ones.
Such measurements are properly described in the language
of positive operator valued measurements �14,15�.

The purpose of a measurement apparatus is the readout of
quantum information for which one would like to use strong
local measurements. This can be approximated by using a
large number of weak, nonlocal measurements of the type
described. A large number of measurements in a reasonably
short time is achieved by using a high measurement rate
which in turn can be realized, for instance, by applying a
voltage to the QPCs. However, such measurements also act
as a source of decoherence. During quantum unitary opera-
tions such as transportation by CTAP it is preferred that this
decoherence is absent. However, this might not be com-
pletely achievable in practice and one may be left with a

small decoherence rate due to the coupling to the QPCs dur-
ing any quantum operation. Thus measurements as a source
of decoherence are included in the analysis presented here.

We restrict our treatment to the case of having only one
electron in the rail of QDs. We also assume that the electron
can only occupy the ground state of the QDs, and we take
�i�A, to be the quantum state of the electron in the ith QD.
Furthermore, we neglect all interactions depending on the
spin of the electron. Then, ��i�A , i=1, . . . ,N� form a basis for
the Hilbert space HA of this electron on the QD rail with N
dots. In the following we take the limit of a long rail,
N→�. We denote the distance between the ith QPC and the
jth QD by

rij = 	a2 + ��i − j�d�2, �1�

where a and d are defined in Fig. 1.
The probability of the jth QPC detecting the presence of

an electron on the QD rail can be written as �14�

Pj��A� = Tr�� j�
A� , �2�

where �A is the state of the electron on the QD rail and � j is
the effect operator corresponding to the QPC measurement at
site j. If the electron is spatially localized to be only on the
ith QD, i.e., in the state �i�A, Eq. �2� reduces to

Pj��i�A
i�� = A
i�� j�i�A. �3�

As we noted above the measurement sensitivity of the QPC
depends on the distance rij. The presence of an electron a
distance rij away from the QPC decreases the current flowing
through the QPC by a factor 1− �

rij
and this leads to a reduced

detection probability,

Pj��i�A
i�� � 1 −
�

rij
. �4�

Fulfillment of Eq. �4� is certainly achieved with the measure-
ment effect operators

� j =
�̄

N
�
i=1

N �1 −
�

rij
�i�A
i� �5�

with

�̄�N� =
N

�
j=1

N

�1 − �
rij

�
, � = lim

N→�
�̄�N� = 1 + �

j=1

N
�

Nrij
�6�

to satisfy � j=1
N � j =1. Note that each effect operator is almost

proportional to the unit operator which reflects the weakness
of the measurements being performed.

Measurement theory states that the transformation of the
density operator due to a measurement is described by
�14,15�

�A→
�j

Aj�
AAj

† �7�

with Aj =Uj
	� j for some arbitrary unitary operators Uj. This

unitary depends on the interaction of the quantum system
and measurement apparatus during the measurement process.

FIG. 1. Realization of nonlocal measurement as proposed in
�13�. The electric current through a QPC is influenced by the ap-
pearance of an electronic charge in its near environment.
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In our case, if the electron is at site i, its position will not be
changed by a detection event by a QPC at site j. For sim-
plicity we also assume that the measurement does not intro-
duce relative phases within the rail of QDs giving Uj �1 and
A=A†, which means the measurements influence the electron
state as little as possible.

To derive the master equation we now assume that detec-
tion events in the QPCs occur uniformly at random and at a
constant rate R. Following �16�, we can write down the mas-
ter equation describing the evolution of the density operator
as

d�A

dt
= − ı�HA,�A� − R�A + R�

j=1

N

Aj�
AAj . �8�

We set �=1 throughout the paper. This equation is in Lind-
blad form with Lindblad operators Aj and thus the evolution
is Markovian. For the case when HA involves no electron
transport along the QD rail, Eq. �8� possesses a stationary
state which is diagonal in �i�A, and thus the evolution corre-
sponds to a pure dephasing type of decoherence. We note
that R should scale proportional to N as each QPC contrib-
utes equally to the overall measurement rate.

For now we take HA=0, but later we introduce a time-
dependent Hamiltonian to induce CTAP. Expressing Eq. �8�
in the basis �k�A, we obtain �̇kk

A =0, for diagonal entries and
�̇kl

A =−Tkl�kl
A for off-diagonal ones. The decoherence rate

Tkl = R�− 1 +
�

N
�
j=1

N 	1 −
�

rkj
	1 −

�

rlj
 �9�

�rij is defined in Eq. �1�� can be shown to saturate for large
distances �k− l�d�a. To simplify these formulas one can use
the limit of nonsensitive measurements �

rij
�1 which should

be well justified in experiments �13�. This weak measure-
ment limit corresponds with the inability of the measure-
ments to give detailed information on the position of the
electron in the QD rail. Weak measurements of this nature
are featured in many models of continuous monitoring of a
quantum particle’s position �17�. In the limit of weak mea-
surements we obtain

Tkl �
R�2

8N
�
j=1

N � 1

rkj
−

1

rlj
2

�10�

which, for spatial separations larger than the threshold, �k
− l�d�a, limits to

R�2

4Nd2

coth��a/d�
a/d

. �11�

We also note that we can execute local measurements, which
give maximal information about the particle’s position in the
limit 1

rij
=	ij, while keeping � finite, e.g., in Eq. �9�. In this

case we find

Tkl =
R

N
�2 + � − 2	1 + �� . �12�

The saturation of the decoherence rate in Eq. �11�, is some-
what surprising when one compares this with the similar

situation for a free particle in a spatial superposition cat state,
experiencing continuous position measurements �12�. In that
case the decoherence rate suffered by the particle increases
without bound according to the spatial separation of the cat
state, i.e., Tx1,x2

� �x1−x2�2.

B. Coupling to TLSs

We now consider a further source of decoherence. It is
highly likely that in any physical device there will be un-
known accidental two-level fluctuators nearby to the quan-
tum dot rail �see Fig. 2�. If these unknown two-level systems,
can couple to the electron on the rail then these systems
effect a source of decoherence which exhibits memory, i.e.,
is non-Markovian. Quantum coherences on the quantum dot
rail can be transferred to the nearby TLSs, where they can
remain for a period, before being transferred back. Typically
the analysis of these types of non-Markovian effects are
complex but in the following we are able to derive analytic
solutions of the resulting reduced dynamics of the quantum
dot rail. For simplicity we assume these fluctuators have no
internal dynamics other than their coupling to the quantum
dot rail �18�, and that this coupling is local to the nearest QD
only. Furthermore we assume that these TLSs do not experi-
ence significant decoherence on the time scales of the trans-
port. We are aware that these assumptions may not be com-
pletely satisfied in all realistic situations. However, this
model will serve to highlight the striking difference between
the Markovian and non-Markovian evolutions in, for in-
stance, the transport of a spatial superposition.

We use �1� j and �0� j as basis of the Hilbert space H j of the
jth TLS such that the interaction Hamiltonian is diagonal. If
the electron is on the jth QD, it is assumed to induce a phase
shift on the jth TLS, so that the Hamiltonian acting in the
product Hilbert space H=HA� j=1

N H j of electron and TLSs
reads as

Hint = �
n=1

N

�
n�n�A
n� � �z,n �
j�n

1 j� . �13�

The coupling constants 
 j are considered to be constant in
time, and �z,j and 1 j are the Pauli Z matrix and the identity
operator, respectively, acting in H j.

As typically assumed, we now take the initial state to be
in product form ��t=0�=�0

A
� �0

TLSs, where �0
TLSs does not

have to be a product state of the different TLSs. We can now
express the master equation describing the time evolution of
the density matrix of the combined QD rail and TLSs under
the effects of the above measurements �see Eq. �8��, to be

FIG. 2. As in Fig. 1 but with additional local coupling to two-
level systems.
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d�

dt
= − ı�Hint,�� − R� + R�

j=1

N

Aj�Aj �14�

with Aj =	� j � 1�N.
After some effort, one can trace out the TLSs to find the

non-Markovian master equation for the reduced density ma-
trix of the QD rail for an arbitrary initial product state of the
TLSs, as

d�A

dt
= − R�A + �

n=1

N

�RAn�AAn − ı�n�t���n�A
n�,�A�

+ �n�t�†�n�A
n�,��A, �n�A
n��‡� , �15�

where the last two terms describe the effects of the TLSs on
the QD rail. Here the definition

�n�t� − ı�n�t� = 
n
sin 
nt − ın cos 
nt

cos 
nt + ın sin 
nt
�16�

is used and n=Tr��n�z,n�, is the inversion of the nth TLS.
Decoherence due to the TLSs is described by �n whereas �n
represents the Lamb shift. If n= �1, then �n= �
n and
�n=0. In this case the decoherence due to the coupling to
TLSs vanishes and the coupling to the TLSs results only in a
change of the energy of states �n�A by �
n. However, a more
interesting case is when n=0, since it includes the case
where the TLSs may initially be in a complete mixture
�n�0�= 1

21. In this case we find �n=0, and �n=
n tan 
nt. The
presence of singularities in �n�t�, may cause difficulties in
studying the time evolution of �A, using normal methods. To
avoid this we do not work directly with �15�. Instead we
return to solve the complete dynamics of the coupled QDs
and TLSs and then trace out the latter to obtain �A�t�.

To achieve this we first go to the interaction picture by
transforming Eq. �14� with

eıHintt = �
n=1

N

�n�A
n� � �cos�
nt�1n + ı sin�
nt��z,n� �
j�n

1 j .

�17�

The combined density operator in this picture is given by
�̄�t�=eıHintt��t�e−ıHintt, and is governed by the master equation

d�̄

dt
= − R�̄ + R�

j=1

N

Aj�̄Aj . �18�

Note that eıHinttAje
−ıHintt=Aj. Taking the components of Eq.

�18� in the QD Hilbert space, �̄kl�t�= A
k��̄�l�A �which is still
an operator in the TLSs Hilbert space�, we find the solution
is given in a similar manner to that of the preceding section
to be

�̄kl�t� = e−Tklt�̄kl�0� = e−Tklt�kl�0� , �19�

where Tkl is given in Eq. �9�. After transforming back to the
Schrödinger picture and tracing over the TLSs we find for
the components of the reduced density operator

�kk
A �t� = �kk

A �0� , �20�

�kl
A �t� = e−Tklt cos�
kt�cos�
lt��kl

A �0� , �21�

where we have assumed that the initial states of the TLSs is
a completely mixed state

� j�0� =
1

2
1 . �22�

Hence we see that information lost to the TLSs can return to
the rail via the oscillatory terms in Eq. �21�, which is in
contrast to Markovian decoherence induced by the measure-
ments. Note that the non-Markovian behavior of Eq. �21�
results from tracing out the environmental TLSs.

III. CTAP

Coherent tunneling by adiabatic passage relies on the
adiabatic theorem in the sense that the electron will always
be in an eigenstate of the time-dependent Hamiltonian. For
the transport from the mth to the nth QD, the Hamiltonian is
designed such that there exists an eigenstate which is �m�A at
the beginning of the transport, and then changes continu-
ously to �n�A during transport. This way of population trans-
fer has the important property of being robust against small
variations of the Hamiltonian and the transport time. This is
crucial in many experiments since these parameters are often
hard to control. The drawback of CTAP is a relatively long
transport time which is limited by the adiabatic theorem and
usually is about an order of magnitude longer compared to
diabatic population transfer.

To transport an electron from position m to position n we
assume that we can control tunneling rates between neigh-
boring QDs, but we do not require any next-to-neighbor cou-
pling. The Hamiltonian then reads as

HA =�
0 �m 0 ¯ 0 0 0

�m 0 �m+1 0 0 0

0 �m+1 0 0 0 0

] � ]

0 0 0 0 �n−2 0

0 0 0 �n−2 0 �n−1

0 0 0 ¯ 0 �n−1 0

� .

�23�

The time-dependent manipulation of the tunneling rates � j
can be achieved in an experimental setup via external gates
as is outlined in �3�. The tunneling rates �m=�P and �n−1
=�S are often called pump and Stokes pulse, respectively.
The application of CTAP can roughly be outlined as follows:

�1� While keeping �m=0 one switches � j =�max for j
=m+1, . . . ,n−1 to ensure all energy eigenstates for an elec-
tron situated between m and n are nondegenerate.

�2� Then �m is increased and �n−1 is decreased until it
vanishes. This process must be done slowly to satisfy adia-
baticity. In this step the electron moves from the mth to the
nth QD.

�3� Finally all couplings can be set to zero.
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To avoid any geometric phases one can use real and posi-
tive tunneling rates � j. In the following we will refer to
these steps as step one, step two, and step three. We empha-
size that the electron moves exclusively in the second step
and therefore the first and the third steps can be done arbi-
trarily fast �up to experimental limitations�. Hence we set t
= t0 at the beginning of step two and t= tmax at the end of step
two. It will be assumed that at t= t0 the probability of finding
the electron on the jth QD with j=m+1, . . . ,n is zero. This is
reasonable since the adiabatic theorem does not hold for
these states and we want to transport the electron from the
mth QD. Furthermore we assume that n−m is even, because
only then all states are nondegenerate after step one.

A. Measurements

To introduce our technique for solving the master equa-
tion we first neglect the coupling to the TLSs. At t= t0 the
�n−m+1� eigenstates of HA which are superpositions of
�m�A , . . . , �n�A, are denoted by �� j�t0�� with j= m−n

2 , . . . , n−m
2 ,

ordered by their energy � j�t0�. These eigenstates evolve con-
tinuously to �� j�t��. The un-normalized adiabatic state re-
sponsible for the transport reads as �3�

��0�t�� = cos ��m�A + �− 1��n−m�/2 sin ��n�A

− X �
j=2

�n−m�/2

�− 1� j�2j − 2 + m�A �24�

with

� = arctan
�m

�n−1
, X =

�m�n−1

�max
	�m

2 + �n−1
2

.

Note that ��0�t0��= �m�A and ��0�tmax��= �n�A, i.e., the states in
which the electron is on the mth and nth QD, respectively.
Furthermore, during the entire process �0�t�=0 holds, which
ensures that no dynamic phase appears for the state to be
transported. If

��0�t� − � j�t�� � �� d

dt
�0�t��� j�t��� �25�

holds and if the system at t= t0 is in ��0�t0��, then the adia-
batic theorem states that the system will stay in ��0�t��, pro-
vided it is a closed system. Therefore, an electron starting in
�n�A will end up in �m�A.

To generalize this concept to the open system described
here, we follow �19� and transform Eq. �8� with the unitary
operators defined by

U†�t��� j�t�� = �� j�t0�� for j =
m − n

2
, . . . ,

n − m

2
,

U†�t��j�A = �j�A for j � m and j � n , �26�

to get

d�̃A

dt
= − ı� �

j=�m−n�/2

�n−m�/2

� j�t��� j�t0��
� j�t0�� − ıU†dU

dt
, �̃A� − R�̃A

+ R�
i=1

N

Ãi�̃
AÃi �27�

with Õ=U†OU for an operator O. If, in addition to Eq. �25�
we also assume weak coupling to the environment �20�, one
can neglect the term ıU† dU

dt in Eq. �27� as is shown in �19�.
This is the generalization of the adiabatic theorem to systems
described by a master equation of Lindblad form. Hence we
have achieved the time independence of the eigenspaces of

the transformed Hamiltonian H̃,

d�̃A

dt
= − ı� �

j=�m−n�/2

�n−m�/2

� j�� j�t0��
� j�t0��, �̃A� − R�̃A

+ R�
i=1

N

Ãi�̃
AÃi. �28�

For R=0 we get the von Neumann equation

d�̃A

dt
= − ı� �

j=�m−n�/2

�n−m�/2

� j�� j�t0��
� j�t0��, �̃A� �29�

and �̃00
A �t� : = 
�0�t0���̃A�t���0�t0��= A
m��A�t0��m�A is therefore

a constant of motion, which ensures perfect transport of the
electron. At t= tmax we use U�tmax� to transform back to the
Schrödinger picture. From Eq. �26� we find again that an
electron initially in state �m�A= ��0�t0�� will be in state
��0�tmax��= �n�A at the end of step two.

For R�0 we can use Eq. �28� to calculate the loss from
perfect transport

d

dt
�̃00

A �t� = − R�̃00
A �t� + R�

j=1

N


�0�t��Aj�
A�t�Aj��0�t��

= − R�̃00
A �t� +

R�

N
�
j=1

N

�
i,i�=m

n 	1 −
�

rij
	1 −

�

ri�j

�
�0�t��i�A
i���0�t���ii�
A �t� . �30�

As we argued before, without measurements, �̃A�t� is a con-
stant in time in the adiabatic approximation. To first order in
the measurements �21� we can therefore substitute �̃A�t�
→ �̃A�t0�= ��0�t0��
�0�t0�� and �A�t�→ ��0�t��
�0�t�� on the
right-hand side to find

d

dt
�̃00

A �t� � − R�1 −
�

N
�
j=1

N ��
i=m

n 	1 −
�

rij
�
�0�t��i�A�2�2 ,

�31�

where ��0�t�� can be substituted from Eq. �24� to obtain nu-
merical values.
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One might also ask what happens to coherences �̃k0
A �t� :

=A
k��̃A�t���0�t0�� �for any k�m or k�n� during the trans-
port. This question arises if one is interested in the transport
of one part of a superposition state, e.g., 1

	2
��k�A+ �m�A�

→ 1
	2

��k�A+ �n�A�. In the same manner as Eq. �30� and Eq.
�31� we arrive at

d

dt
�̃k0

A �t� = − R�̃k0
A �t� +

R�

N
�
j=1

N 	1 −
�

rkj

��
i=m

n 	1 −
�

rij
A
i��0�t���ki�t� �32�

�− R�̃k0
A �t0��1 −

�

N
�
j=1

N 	1 −
�

rkj

��
i=m

n 	1 −
�

rij
�A
i��0�t���2 , �33�

where again Eq. �24� can be substituted.
The terms in the large parentheses of Eq. �31� and Eq.

�33� become small when the measurements are sufficiently
nonlocal that they cannot distinguish well between the QDs
involved in the transport �see also Fig. 3�. Since the loss of
information increases linearly in the time tmax required for
transport, it is crucial that the couplings � j between the dots
are as large as experimentally possible to give a big energy
splitting which in turn allows a fast transport �see Eq. �25��.

Also note that in the case of local measurements Eq. �32�
reduces to d

dt �̃k0
A =−T2�̃k0

A , where the decoherence rate T2

= R
N �2+�−2	1+�� is the same as the one obtained in Eq.

�12� without transport. Therefore, the decoherence rate of a
charge qubit on a quantum dot rail is the same during storage
as during transport by CTAP if subject to local measure-
ments.

The probability of not finding the electron in the desired
state �n�A after the transport, calculated from Eq. �31� is
shown in Fig. 3 as a function of the parameter a

d for transport
along three, seven, nine, and 11 dots. Remember that a

d is the
distance of the QPCs to their nearest QD compared to the
distance between neighboring QDs, and therefore is a mea-
sure of the nonlocalness of the measurements performed by
the QPCs. For any given a this parameter can be changed
with d and we fix the sensitivity A
i��i�i�A of the measure-
ments by setting �=0.04a. Also the rail of dots and measure-
ment apparatuses extends on both sides �N�m−n�.

One can distinguish two regimes in Fig. 3. First, for
a
d �

n−m
4 �right of the circles� the transport fidelity increases

with the nonlocalness of the measurements. This is easily
understood since sufficiently nonlocal measurements cannot
distinguish between the QDs involved in the transport.

Second, for a
d �

n−m
4 �left of the circles� we find the reverse

and the transport fidelity increases with the localness of the
measurements �except for transport along three QDs�. This
needs some explanation. In this regime the measurements are
local enough to distinguish well between the states �m�A and
�n�A �during CTAP most of the population is found on these
two states� and hence one cannot expect a further decrease of
the fidelity with the localness of the measurements. To ac-
count for the apparent increase of the fidelity with localness
we need another argument. For very local measurements,
sites n and m almost exclusively contribute to the decoher-
ence whereas if the measurements are slightly nonlocal,
QPCS at sites in the near neighborhood of n and m also
contribute to decoherence, therefore increasing the overall
decoherence.

The small decrease of the fidelity for extremely local
measurements might be due to the small populations on QDs
other than m and n.

It is also evident from Fig. 3, that if local dephasing is
the main source of decoherence, it is best to transport long
distances in one step as is seen, e.g., for the transfer
�1�A→ �11�A. By doing so the chance of not finding the
electron on the desired state after the transport is about
11�10−3 �see left end of Fig. 3�. This number increases to
about 5� �4�10−3� when we first transfer to �3�A, then to
�5�A, �7�A, �9�A, and finally to �11�A. On the contrary, if
dephasing tends to be more global, a better transfer rate is
achieved by breaking a long distance into several smaller
ones.

B. Coupling to TLSs

We now apply CTAP to QDs coupled to TLSs as shown in
Fig. 2. Hence, the driving field HA from Eq. �23� must be
added to Hint from Eq. �13�, responsible for the QD-TLS
coupling. We first neglect the coupling to the measurement
apparatus and point out it’s inclusion at the end of the sec-
tion. With this, all couplings behave local and we can restrict

FIG. 3. �Color online� Transfer loss during the transport of an
electron along three �black�, five �blue�, seven �red�, nine �green�,
and 11 �purple� QDs as a function of a

d , i.e., the localness of the
measurements. The crosses show the solution from the exact equa-
tion �8� for local measurements and the circles show the empirical
crossover between local and nonlocal measurements �see text�.
Pump and Stokes pulses are as in Eq. �37� �see also Fig. 4�a�� with
T chosen such that the additional loss due to nonadiabaticity is 24
�10−6 for all curves, to allow reasonable comparison. This is T
=150, 196, 225, 242, 249 for three, five, seven, nine, and 11 QDs,
respectively. The intermediate couplings are equal to 1. System pa-
rameters are R=N , �=0.04a.
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ourselves to study only the QDs of the rail which are in-
volved in CTAP, i.e., N=n−m+1.

To understand how CTAP works for this system, we note
that the Hamiltonian H=Hint+HA can be written in a block

diagonal form, with 2N blocks, each block having dimension
N �22�. Each block gives the Hamiltonian of the electron on
the rail of QDs conditioned on the state of the TLSs. As an
example we show part of the Hamiltonian for N=3 explicitly

H =�
− 
1 �1 0

�1 − 
2 �2 0 0 ¯

0 �2 − 
3

− 
1 �1 0

0 �1 − 
2 �2 0 ¯

0 �2 
3

− 
1 �1 0 ¯

0 0 �1 
2 �2 ¯

0 �2 − 
3 ¯

] ] ] ] ] �

� ,

where the first block is for all TLSs in the �0� state, the
second for the first and second TLSs in �0�, and the third TLS
in �1�, and so on.

We can now study each block individually because there
is no coupling between them. If we want to transport the
electron from the first QD to the third QD, regardless in
which state or superposition the TLSs are, we must make
sure that CTAP works in each block. That is the state
�1�A�0��0��0� should adiabatically evolve to �3�A�0��0��0� as
well as �1�A�0��0��1� should evolve to �3�A�0��0��1� and so on.
If this is achieved, then an electron initially found in �1�A will
evolve in the pure state �3�A. During the transition the re-
duced state �A=TrTLSs��� is not only in a superposition of
�1�A, �2�A, and �3�A, but in a real mixture of these states �see
Fig. 5�a��. This is because depending on the state of the
TLSs, the electron might start moving earlier or later, which
generally results in entanglement between the rail of QDs
and the TLSs. However, once CTAP is completed, the elec-
tron will be found in the desired state �3�A.

Hence, for CTAP to be applicable despite coupling to
TLSs, we only have to make sure that it works for a Hamil-
tonian of the form �where we return to an arbitrary long rail
of dots�

H =�
�
m �m 0 ¯ 0 0

�m �
m+1 �m+1 ¯ 0 0

0 �m+1 �
m+2 � 0 0

] ] � � � ]

0 0 0 � �
n−1 �n−1

0 0 0 ¯ �n−1 �
n

�
�34�

instead of the simpler form �23�. CTAP should work for all
possible permutations of plus and minus, since each permu-

tation represents one block of the Hamiltonian corresponding
to a certain combination of environmental TLS states. The
crucial requirement for this is again Eq. �25�, but this time it
cannot be fulfilled by just performing the transport suffi-
ciently slowly. One also must to make sure, that no level
crossings occur, i.e., �0�t�−� j�t��0 during step two. As be-
fore, �0�t� is the energy of the state ��0�t�� which we want to
evolve adiabatically from ��0�t0��= �m�A to ��0�tmax��= �n�A.
Note that unlike in the preceding section, �0�t��0, and it
depends on the state of the TLSs. The situation becomes
even more complicated when anticrossings are considered
which appear quite naturally �see Fig. 4�. At an anticrossing
two energy levels get so close that adiabaticity cannot be
achieved with any reasonable transfer times.

Furthermore it might happen that the adiabatic state
��0�t�� does not connect �m�A to �n�A, but instead to another
state ��0�tmax��= �j�A with j�n. An example of this is shown
in Fig. 4 �green curves� where the population returns to the
original QD.

To calculate the energies is generally only possible nu-
merically and an exact treatment when level crossings or
anticrossings appear is highly nontrivial. Some work on this
issue is done in �23�, but the possibility of anticrossings is
not considered there �see also �24��. However, some qualita-
tive statements can be said. If the energy level �0�t� of the
adiabatic state is at all times during step two in the center of
all energy levels involved in the transport, i.e.,

�0�t� � � j�t� for j =
m − n

2
, . . . ,− 1,

�0�t� � � j�t� for j = 1, . . . ,
n − m

2
, �35�

then we can be sure that no level crossings occur. In this case
the process during step two is qualitatively the same as with-
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out coupling to the TLSs. Since condition �35� is valid with

 j =0 �preceding subsection�, it can always be achieved with
sufficiently high driving fields � j, as then the comparatively
small couplings 
 j do not influence the qualitative eigen-
value structure. Let us apply this condition to the block of
the Hamiltonian in which we have minus for 
m and plus for
all other coupling constants. Clearly we need some strong

couplings � j�t0� to ensure that �0�t0�=−
m is not the lowest
energy, but the centerfold one �see Fig. 4�c� where this cross-
ing occurs at t�5 before the transport starts at t0�20�. For
n−m=2 we find �n−1

2 �t0�� �
1−
3��
1−
2�. For transport
along many QDs �n−m�2� we get the approximate in-
equality � j�t0��c max�
k��n−m� for some constant c,
which states that for given maximal � j �due to the experi-
mental setup� and given 
 j, there exists a maximum number
n−m for which we can use CTAP. For transport along more
QDs one must break up the transport into several smaller
sections and apply CTAP successively to each section. The
shorter the rail gets �compared to the maximal length�, the
further we can stay away from any level crossing and the
faster we can transport the electron without violating the
adiabaticity condition �25�.

As example we show in Fig. 4 the eigenenergies and
populations as a function of time for a system with five QDs
and constant 
i=
 for different values of 
. We consider the
block of the Hamiltonian acting in the subspace where the
first TLS is in the state �0� and the other four TLSs are in the
state �1�, which reads

HA =�
− 
 �P 0 0 0

�P + 
 �2 0 0

0 �2 + 
 �3 0

0 0 �3 + 
 �S

0 0 0 �S + 


� . �36�

Of course, if we assume the TLSs to be in a statistical mix-
ture one would have to calculate the populations for all
blocks of the Hamiltonian and average over them. Since all
qualitative features can be seen with this particular block we
restrict the discussion to this one for pedagogic reasons. We
use �2=�3�1 and Gaussian pump and Stokes pulses

�P = �max exp�−
�t − 3T/4�2

�T/4�2  ,

�S = �max exp�−
�t − T/4�2

�T/4�2  , �37�

with the parameter T=150. Because of the Gaussian pulse
shapes the distinction of steps one, two, and three is not
sharp, anymore. Looking at Fig. 4�a� we can approximately
say that step one is for −50� t�20, step two is for 20� t
�130, and step three is for 130� t�200. T is chosen long
enough to achieve very good transfer fidelity �0.9996� for

=0, i.e., without coupling to TLSs.

For 
=0.15 there appears a level anticrossing at which the
energy gap �0.0002� is so small, that it can be treated as a
crossing on the time scales set by T, the Gaussian pulse
width. As �P�0 at the time of the anticrossing, the state
will remain in its initial state �m� with �m=−0.15. If one
enlarged T extremely, adiabaticity would be fulfilled even for
this tiny energy gap which would result in no transport, simi-
lar to the case 
=0.45. The smaller population transfer
�0.975� is because during step two the energy level spacing is

FIG. 4. �Color online� �a� Tunneling rates �dashed line, �1;
dotted line, �2,3; solid line, �4�, �b�–�e�: energy levels of the
Hamiltonian equation �36� and 
=0, 0.15, 0.3, 0.45 �see text�, and
�f�–�j�: populations of �1�A− �5�A obtained by the numerical integra-
tion of the Schrödinger equation. The colors �see �j� for gray scale�
black, blue, red, and green correspond to 
=0, 0.15, 0.3, 0.45,
respectively. Time is measured in units of �max

−1 . What looks like
level crossings in �c� and �d� are actually anticrossings.
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decreased compared to the case with 
=0. Therefore, the
transfer rate can be increased arbitrarily close to 1 by choos-
ing larger T �25,26�.

Enlarging 
=0.3 moves the anticrossing to step two and
adiabaticity cannot be achieved anymore. The result is wild
oscillations of all populations and a low transfer rate. Finally
at 
=0.45 the anticrossing disappears and adiabaticity is re-
stored which is evident in the lack of oscillations in the
populations. But because the eigenenergy −0.45 at t=−�
connects to the same energy at t=�, the population returns to
the original state �m�A.

This result should be quite surprising. Up to relatively
large couplings to TLSs,


i

� j,max
�0.2 �for m−n=4� adiabatic

transfer can be achieved and the transfer fidelity very quickly
approaches one with sufficiently large transfer times. This is
contrary to the Markovian dephasing studied in the preced-
ing section, where the transfer loss increases with transfer
time once the transfer time is long enough to ensure adiaba-
ticity.

One disturbing effect introduced by the coupling to TLSs
is that �0�0 and hence we get a dynamical phase

� = �
0

tmax

dt�0�t� �38�

and worse even, this phase depends highly on the state of the
TLSs. If the electron starts in a superposition 1

	2
��k�A+ �m�A�

it will not end up in 1
	2

��k�A+eı��n�A� but in a real mixture of
�k�A and �n�A. That is, during the transport, the electron gets
entangled with the TLSs. This should not be surprising since
we saw a similar behavior already in Sec. II B without trans-
port �see Eq. �21��. However, transport prevents the lost in-
formation from returning back to the electron periodically.
This can be seen in Fig. 5�b� for transport along three QDs,

i�
 and �P ,�S as in Eq. �37� with T=150. The initial
states � j�t0�= 1

21 of the TLSs are taken to be a complete mix-

ture. As a measure of purity we use Tr���A�2�. On the other
hand, as described earlier in this section, if the electron starts
in �1�A it will get transferred to the pure state �3�A despite
being in a real mixture during the transfer as is shown in Fig.
5�a�.

Now we briefly discuss the inclusion of measurements
once again. In the preceding section the adiabatic theorem
was assumed to hold and therefore we first must make sure
that it holds also with coupling to TLSs. This is best done by
solving the Schrödinger equation without measurements as
was done to obtain Fig. 4. The solution shows whether the
transformation is adiabatic �almost no fast oscillations� or
not �much oscillations�. If not, the driving fields � j as well
as the transfer time can be increased, until the solution shows
adiabatic behavior. Then Eqs. �30�–�33� derived in the pre-
ceding section can be applied here as well, if one uses the
appropriate eigenstate ��0�t�� which depends on the state of
the TLSs. However, since ��0�t�� can only be calculated nu-
merically and the effects of dephasing do not depend much
on the exact form of this state, one might prefer to use the
unperturbed eigenstate from Eq. �24� as in Sec. III A. It is
therefore justified to examine decoherence effects arising due
to measurements and due to coupling to TLSs separately.

IV. DISCUSSION AND CONCLUSION

While storing information as a charge qubit on a quantum
dot rail, some of it will leak because of decoherence due to
measurements. Information loss from decoherence arising
from coupling to TLSs, on the contrary, returns periodically.

On the other hand, while transporting information along a
rail of QDs with CTAP, information lost to TLSs will not
return to the electron on the QDs. However, since the cou-
pling strength to the TLSs is unknown, this drawback also
appears for diabatic transport. Furthermore, with the use of
CTAP only information of the phase will be lost since in the
adiabatic limit one can achieve perfect population transport,
despite coupling to TLSs, provided it is not too strong com-
pared to the driving field � j and the QDs involved are few
enough. This is different for decoherence through measure-
ments when there is always a chance of losing the electron
during the transport, which can be minimized by doing the
transport fast.

Summarizing we can say, if we can reduce Markovian and
non-Markovian dephasing sufficiently to be able to store a
charge qubit on a rail of QDs, then we can also transport it
using CTAP. Furthermore, adiabatic transport protocols also
have the natural advantage that they are robust against ex-
perimental parameter variations.

It is often claimed that CTAP is relatively robust to deco-
herence because the QDs between the initial and the final
QDs are barely populated. This is in contrast to our results
because of the following reasoning. To achieve a small popu-
lation on the intermediate QDs the coupling between these
must be large compared to the Stokes and pump pulses, as
seen in Eq. �24�. On the other hand, we find that all cou-
plings should be as large as possible �for both, Markovian
and non-Markovian decoherence� to achieve big energy
spacings which in turn allow fast transport. Therefore, it is

FIG. 5. �Color online� The purity of the reduced density matrix
�A�t� during the transfer �1�A→ �3�A. �a� Transport of a position
eigenstate: ���t=0��= �1�A and 
i=0.02 �solid line�, 0.05 �dashed
line�, 0.15 �dotted line�. Because of the dependence of ��0�t�� on the
state of the TLSs, the electron gets entangled with the TLSs during
transport. However, this entanglement disappears with the comple-
tion of CTAP and the electron on the quantum dot rail finishes the
transport in the desired pure state. �b� Transport of one-half of a
superposition state: ���t=0��= 1

	2
��0�A+ �1�A� and 
i=0.005 �solid

line�, 0.02 �dashed line�, 0.1 �dotted line�. The transported one-half
of the superposition state picks up a dynamical phase which de-
pends on the state of the TLSs. Hence the electron gets entangled
with the TLSs and finishes CTAP in a statistical mixture.
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reasonable to choose large Stokes and pump pulses and al-
low some population on the intermediate QDs. The above
statement might stem from analyses of STIRAP where the
intermediate atomic states are exposed to decay, but this is
not the case for CTAP.

Although the non-Markovian noise studied here is fairly
simple and might not be very realistic in an experiment, the
striking differences we find compared to Markovian dephas-
ing indicates that it might be worth studying more specific
examples of this class of decoherence.

Another approach to quantum computing is the use of the
spin degree of freedom of an electron as a qubit. In this case
the differences between the influence of Markovian and non-
Markovian dephasing on transport with CTAP might become

even more apparent. We showed in Sec. III B that for CTAP,
the transport fidelity remains very large despite appreciable
coupling to TLSs. Because the coupling of the spin degree to
the environment is expected to be much weaker than the
coupling of the charge, the dynamic phase �see Eq. �38��
acquired during the transport due to coupling to TLS’s
should be fairly independent of the spin and therefore an
undetectable global phase even for superposition of spin
states. One should note that generally, it appears advanta-
geous to encode the qubit into a degree of freedom which is
separate from the degree of freedoms which are used to
transport the physical system, e.g., an electron spin trans-
ported in position or a superconducting state transported via
a cavity photon.
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